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Origin of Poisson Model

Origin of Poisson Model
As you can see from the previous diagram, the Poisson model Po(λ), where
λ = np, is an excellent approximation to B(n, p) when n is sufficiently larger
than p. In practice, this is often the case.
The beauty of the Poisson model lies in the pleasant fact that one does not
need to know the precise number of Bernoulli trials n and the precise
number of the “success” probability p; it is enough to know only the
product np = λ, which uniquely characterizes the Poisson distribution!
√
In statistics, if one finds the data to be, say, 3 λ away from the mean λ,
then one can immediately reject the null hypothesis.
Poisson did not recognize the huge practical importance of the distribution.
In his 400 page book, he only dedicated one page to this distribution.
It was L. von Bortkiewicz in 1898, who first demonstrated this importance in
his book Das Gesetz der Kleinen Zahlen (The Law of Small Numbers).
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Example

Example 1.
During the last few years in Shanghai, there have been eight serious fires
per year, on average. Last year, by contrast, twelve serious fires blazed,
leading to great consternation among the populace of the ordinarily
tranquil city. Should the government really be concerned?
In a city with large number of households, each household can be
viewed as an independent Bernoulli trial with a small “success”
probability, corresponding to the probability of having a serious fire.
Let X denote the number of serious fires in a year, then X ∼ Po(8).
Hence the probability of having no less than 12 serious fires is
P(X ≥ 12) =

∞
X
k=12

e −8

8k
≈ 0.112.
k!

This is not as rare as people might think!
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Example

Example 2.
A New Jersey woman won the jackpot for the first time on October 23, 1985 in
the Lotto 6/39. Then she won the jackpot in the new Lotto 6/42 a on February
13, 1986. Lottery officials declare that the probability of winning the jackpot
twice in one lifetime is approximately one in 17.1 trillion. What do you think? b
a

https://en.wikipedia.org/wiki/New Jersey Lottery#Pick-6 Lotto

b

Based on “Jumping to coincidences: defying odds in the realm of the preposterous,” by J.A. Hanley, in
American Statistician 46 (1992): 197-202.

The claim is easily challenged. The officials’ calculation only accounts for
the probability of having only one single person who only played each of the
two games once winning both games. This is indeed
1

×

39
6

1

=

42
6

1
.
1.71 × 1013

But in reality, in average there is an extremely large number of people who
submit more than one entry for each weekly draw of Lotto 6/42!
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Example

Example 2 solution
Assuming that you submit 5 Lotto 6/42 every week (the cost is only $1
each), the probability of your winning the jackpot in a given week is
42
6



1−

−1

42

!5
= 9.531 × 10−7 .

6

There are approximately 365 × 27 ≈ 100 weeks in two years, so denote by the
random variable Xi the number of times the ith player will win a jackpot in
two years, then Xi ∼ Po(λi ), where
λi = 100 × 9.531 × 10−7 = 9.531 × 10−5 for i = 1, 2, ..., 50, 000, 000
Let A denote the event that any given player wins the jackpot two or more
times in the next two years.
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Example

Example 2 solution
For the next two years, and for a given i, we have
P(A) = P(Xi ≥ 2) = 1 − e −λi − e −λi λi = 4.542 × 10−9 .
Let X denote the number of players who will win the jackpot two or more
times in the coming two years. Then X ∼ Po(λ) where,
λ = 50, 000, 000 × (4.542 × 10−9 ) = 0.2271.
The probability that in the coming two years, at least one of the 50 million
players will win the jackpot two or more times can be given by
P(X ≥ 1) = 1 − e −λ = 0.2032.
Therefore, it is not shocking to see someone winning jackpots two times
within relatively short period of time!
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Birthday Problem Revisited

Birthday Problem Revisited
Recall the Birthday Problem in Lecture 1: What is the probability Pm
that in a group of m randomly chosen people, at least two will have
the same birthday? And we found using linearization that
1
365 × 364 × · · · × (365 − m + 1)
≈ 1 − e − 2 m(m−1)/365 .
365m

This probability can be cleverly viewed as a series of n = m2 = 21 m(m − 1)
Bernoulli trials, where “success” means a birthday match. And denote by
the random variable X the number of “successful” trials.

Pm = 1 −

These trials are not independent, but the dependence is very weak because
of the vast number of possible birth dates (365). In this case, a Poisson
model can still accurately estimate the probability, so X ∼ Po(λ).
1
The success probability here is p = 365
, so λ = np = 12 m(m − 1)/365, and
the probability we’re looking for is exactly as before:
1

P(X ≥ 1) ≈ 1 − e −λ = 1 − e − 2 m(m−1)/365 .
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Birthday Problem Revisited

Birthday Problem Revisited
You might wonder in the previous example why one would use Poisson
model if the exact probability can be easily derived. You should consider the
following problem:
What is the probability that, within a randomly formed group of m
people, two or more will have birthdays within one day of each other?
An analytic solution is difficult to find, but a Poisson model is simple:

We are conducting n = m2 = 12 m(m − 1) weakly dependent trials with
3
success probability p = 365
. (Why?) Denote by X the number of successful
trials, so X ∼ Po(λ) where λ = 32 m(m − 1)/365. Hence,
3

P(X ≥ 1) = 1 − e − 2 m(m−1)/365 .
For m = 14, the approximate value is 1 − e −0.74795 = 0.5267 (the exactly
value is 0.5375). The Poisson model is indeed a great approximation!
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Envelope Problem Revisited

Envelope Problem Revisited
We are ready to revisit another memorable example problem. Recall the
Envelope problem (Lecture 3, Example 8): Letters to n different person
are randomly put into n pre-addressed envelopes. What is the
probability that at least one person receives the correct letter?
Exactly j persons receive a correct letter?
Back then, we found that
P(At least 1 receive correct letter) = 1 −

n
X
(−1)k
k=0

P(Exactly j receive correct letter) =

Yiren Ding
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n−j
X
k=0

k!

≈1−

(−1)k
e −1
≈
k!
j!
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Envelope Problem Revisited

Envelope Problem Revisited
Use the random variable X to denote the number of people who
receives the correct letter. Then X can be seen as the number of
successes in n trials with success probability n1 .
When n is large, X is approximately Poisson distributed with the
expected value equal to λ = n × n1 = 1.
Hence, the probability of having at least one winner is
P(X ≥ 1) = 1 − e −1 .
And the probability of having exactly j winners is
1
P(X = j) = e −1 .
j!
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The Lottery Problem

Example 3 (The Lottery Problem).
What is the probability that not all of the numbers 1, 2, ..., 45 will come up
in 30 drawings of the Lotto 6/45? In each drawing six distinct numbers
are chosen at random from 1, 2, ..., 45.
Solution 1. This problem can be solve using Rule 4 as follows.
Let Ai be the event that the number i, (1 ≤ i ≤ 45), does not appear
in 30 draws of the Lotto 6/45. The desired probability is given by
P(A1 ∪ · · · ∪ A45 ).
Using the Inclusion-Exclusion Principle (Rule 4), the desired
probability is given by
 !30
 
39
45−k
X
n
6
(−1)k+1
= 0.4722.

45
k
6
k=1
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The Lottery Problem

The Lottery Problem solution
Solution 2. Alternatively, we could easily approximate this probability
using a Poisson model.
We are conducting 45 Bernoulli trials, where the ith trial is successful
if the number i will not appear in any of the 30 drawings of the Lotto
6/45. (Why not 30 trials?)
30
For each trial, the success probability p = 39
= 0.013663, where
45
the probability 39/45 is best understood by its complements:
1 − P(i in first draw) − · · · − P(i in sixth draw) = 1 − 6 ×

39
1
= .
45
45

This can also be found by either Kindergarten Rule or counting:

44
44 43
39
39
6
×
× ··· ×
=
= 45
.
45 44
40
45
6
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The Lottery Problem

The Lottery Problem solution
Although a slight dependence exists between the trials, it is weak
enough to allow the use of the Poisson distribution.
Let X denote the number of successes in 45 trials. Then X ∼ Po(λ)
where λ = 45 × 0.013663 = 0.61486. Hence, the desired probability is
P(X ≥ 1) = 1 − e −0.61486 = 0.4593.
This is very close to the exactly value of 0.4722!
You might wonder why I let “success” denote the number i not
appearing in 30 drawings.
For homework, you should verify that if you use the opposite
statement for “success,” then your Binomial estimate will yield
0.4616, but your Poisson estimate will yield 0.941. Why?
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The Lottery Problem 2

Example 4 (The Lottery Problem 2).
In the kingdom of Lightstone, a game of Lotto 6/42 is played. At the time
of Tony Sheik visit to Lightstone the jackpot for the next drawing is listed
at 27.5 million dollars. Tony Sheik decides to take a gamble and buys 15
million tickets (at $1 each). Each ticket is a sequence of 6 distinct,
randomly generated integer from 1, 2, ..., 42. Suppose that the local people
have purchased 10 million tickets for the same jackpot. What is the
probability that the Sheik will be among the winners of the jackpot and
what is the probability that he will be the only winner? What is the
probability that the Sheik’s initial outlay will be won back from the
jackpot? What are the expected value and the standard deviation of the
amount the Sheik will get from the jackpot?
Clearly each purchase of the lottery ticket can be viewed as an

independent Bernoulli trial with success probability p = 1/ 42
6 .
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The Lottery Problem 2

Example 4 solution
Let the random variable X denote the number of winning tickets
among the 15,000,000 tickets purchased by Tony Sheik and the
random variable Y denote the number of winning tickets among the
10,000,000 tickets purchased by the locals.
The random variables X ∼ Po(λ) and Y ∼ Po(µ), where
λ=

15, 000, 000
= 2.85944

42
6

and

µ=

10, 000, 000
= 1.90629.

42
6

Since X and Y are independent, the probability that the Sheik will be
among the winners of the jackpot is
P(X ≥ 1) = 1 − e −λ = 0.9427.
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The Lottery Problem 2

Example 4 solution
The probability that the Sheik is the only winner of the jackpot is
P(X ≥ 1, Y = 0) = P(X ≥ 1)P(Y = 0) = (1 − e −λ )e −µ = 0.1401.
For the last two questions, define p(r , s) = P(X = r , Y = s), so
µ2
λr
× e −µ
for r , s ≥ 0.
r!
s!


r
Define the set A = {(r , s) : r +s
27.5 ≥ 15}. Then the probability
that Tony Sheik’s initial outlay will be won back is equal to
X
p(r , s) = 0.5785.
p(r , s) = e −λ

(r ,s)∈A
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The Lottery Problem 2

Example 4 solution
Let the random variable W be the amoung the Sheik will get from
the jackpot (in millions of dollars). Then the expected value is
X r
E (W ) =
27.5p(r , s) = $16, 359, 475.
r +s
r ,s
The standard deviation can be found by the computer as follows:
q
σ(W ) = E (W 2 ) − (E (W ))2
v
uX 
2
u
r
=t
27.5 p(r , s) − (E (W ))2
r +s
r ,s
= $7, 162, 762.
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Coupon Collector’s Problem

Example 5 (Coupon Collector’s Problem).
In order to introduce a new kind of potato chips, the producer has
introduced a campaign offering a Pokemon card in each bag of chips
purchased. There are 721 different cards a . How many bags of chips do
you expect to buy in order to get all 721 Pokemon cards? How many bags
of chips do you expect to buy in order to get all 721 Pokemon cards with
at least 50% probability?
a

http://bulbapedia.bulbagarden.net/wiki/List of Pokémon by National Pokédex number

Suppose there are n Pokemon cards. Define the random variable X as
the number of bags of chips must be purchased in order to get a
complete set of n cards. Our first goal is to find E (X ).
We define Yi to be the random variable representing the number of
bags needed in order to go from i − 1 to i different Pokemon cards.
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Coupon Collector’s Problem

Example 4 solution
We can write X = Y1 + Y2 + · · · + Yn .
Each of Yi follows the so called geometric distribution:
P(Yi = k) = (1 − pi )k−1 pi

for k = 1, 2, ....

where pi = n−(i−1)
represents the probability that the next bag of
n
chips purchased will contain a new Pokemon card when as many as
i − 1 different Pokemon cards have already been collected.
The expected value of Yi is given by
E (Yi ) =

∞
X
k=1

k(1 − pi )k−1 pi = pi

∞
X

k(1 − pi )k−1

k=1

pi
1
n
=
=
=
.
(1 − (1 − pi ))2
pi
n−i +1
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Coupon Collector’s Problem

Example 4 solution
By linearity property of random variables,


1
1
E (X ) = n
+
+ ··· + 1 .
n n−1
It turns out that the Harmonic Sum can be approximated more
accurately as (to see why go back to Lecture 10):
N
X
1
n=1

n

≈ ln N + γ +

1
.
2N

Hence we have an incredibly accurate approximation:
E (X ) ≈ n ln n + γn +

Yiren Ding
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Coupon Collector’s Problem

Example 4 solution
Part 2: How many bags of chips is needed to get all 721 Pokemon
cards with at least 50% probability? To answer that we use Rule 4.
For fixed r let Ai be the event that it takes more than r bags of chips
to get Pokemon i. The desired probability is 1 − P(A1 ∪ · · · ∪ An ).
Since P(A1 · · · Ak ) =

(n−k)r
nr ,

it follows from Rule 4 that

P(A1 ∪ · · · ∪ An ) =

n
X
k=1

k+1

(−1)

 
n (n − k)r
.
k
nr

For n = 721, we attempt to find the value r such that this probability
is around 0.5; my computer exploded because n is too large!!
For small n, this method works fine, but since there are 721
Pokemons, we need a better method, called Poisson!!!
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Coupon Collector’s Problem

Example 4 solution
Again we hold r fixed (r > 721). Imagine ourselves conducting 721
trials, where the ith trial is said to be successful if it takes more than

720 r
r bags of chips to get Pokemon i, with success probability p = 721
.
By the Poisson model for weakly dependent trials, the probability of
no success among the 721 trials is precisely what we need and it is
720 r

P(X = 0) = e −λ = e −721×( 721 ) .
Using CAS we find that the smallest value r for which this probability
is greater than 0.5 is r = 5006. So we need to eat at least 5006 bags
of chips to just have a 50% chance of having all 721 Pokemons!
It shouldn’t surprise you that 5006 is the median of the number of
bags of chips needed to get a complete set of 721 Pokemon cards.
Note that the median is less than the mean (5161).
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